Wave-particle duality, an important and fundamental concept established upon pure quantum systems, is central to the complementarity principle in quantum mechanics. However, due to the environment effects or even the entanglement between the quanton and the which-way detector (WWD), the quanton should be described by a mixed quantum state but not a pure quantum state. Although there are some attempts to clarify the complementarity principle for mixed quantum systems, it is still unclear how the mixedness affects the complementary relation. Here, we give a ternary complementary relation (TCR) among wave, particle and mixedness aspects for arbitrary multi-state systems, which are respectively quantified by the l 1 measure for quantum coherence, the which-path predictability, and the linear entropy. In particular, we show how a WWD can transform entropy into predictability and coherence. Through modifying the POVM (positive-operator valued measure) measurement on WWD, our TCR can be simplified as the wave-mixedness and particle-mixedness duality relations. Beyond enclosing the wave-particle duality relation [PRL 116, 160406 (2016)], our TCR relates to the wave-particleentanglement complementarity relation [PRL 98, 250501 (2008); Opt. Commun. 283, 827 (2010)].
Introduction.-Quantum objects may possess complementary properties that are equally real but mutually exclusive. This is descirbed by the famous complementarity principle [1] , that is, although the complementary properties can be observed separately, but they can never exhibit fully at the same time. This principle can be demonstrated by the waveparticle duality in quantum interferometry, where the particle property is understood as "the quanton (an abbreviation of quantum object that go through the interferometer) has a definite path" and the wave property is understood as "the quanton can interfere with itself". In one measurement, we can precisely observe either the quanton's path or interference pattern, but not both. The wave-particle duality in a two-path interferometry is ofen descirbed by the Englert-GreenbergerYasin (EGY) inequality [2] [3] [4] [5] ,
The distinguishability D describes the particle property, while the visibility V quantifys the wave property. The EGY inequality has been experimentally verified via various systems, such as, single atoms [6] , faint lasers [7] , nuclear spins [8, 9] and single photons [10] . In addition to the conventional waveparticle duality, the complementarity principle has been understood in views of information which is expressed as the entropic uncertainty [11] [12] [13] [14] .
Beyond two-state systems, the EGY inequality has been generalized to multi-state systems [3, 13, [15] [16] [17] [18] [19] [20] [21] . Given the l 1 measure for quantum coherence C (l 1 ) [22] and the whichpath predictability P s , a successful generalization of the EGY inequality (1) reads as [21] ,
where N is the number of states. Although this inequality is valid for both pure and mixed quantum systems, it does not explore how the mixedness aspect affects the complementarity principle. In particular, it is important to clarify whether one can transform mixedness aspect into wave or particle aspect?
In this Letter, we present a wave-particle-mixedness complementarity relation, which is expressed as a ternary complementary relation (TCR). In addition to the l 1 measure for quantum coherence and the which-path predictability, which respectively quantify the wave and particle aspects, our TCR includes the linear entropy as the third term, which quantifies the mixedness aspect. Naturally, as the linear entropy is always a non-negative number, our wave-particle-mixedness TCR always ensures the validity of the duality relation between coherence and predictability [21] . Moreover, by adjusting the POVM (positive-operator valued measure) measurement on WWD (which-way detector), we show how the mixedness apsect can be transformed into the wave and particle aspects. Furthermore, as the mixedness aspect of a singlepartite reduced density matrix relates to the corresponding bi-partite entanglement, our TCR relates to the complementarity relation among single-partite coherence, single-partite predictability and bi-partite entanglement [9, [23] [24] [25] [26] [27] . In particular, when the which-path predictability is fixed under suitable POVM measurements on WWD, our TCR gives a wavemixedness duality relation, which is reminiscent of the complementarity between entanglement and coherence [28] [29] [30] .
TCR for Multi-State Quanton without WWD.-We first consider the wave-particle-mixedness complementarity of an arbitray N-state quantum system without WWD. It can be illustrated by an N-path interferometry: a quanton goes through the first beam splitter, accumulates relative phases and then goes through the second beam splitter for interference. The which-path predictability between two beam splitters and the interference visibility outside the second beam splitter are usually used to quantify the particle and wave aspects of the quanton. For an arbitray N-state quantum system, one may choose an observableÔ which specifies a set of eigenstates {|i }. Therefore, the quanton's state can be described by an N × N density matrix ρ under the basis {|i }. The which-path predictability is defined as the so called "one guess bet" measure [3, 15, 17] ,
Here, P (1g) is the normalized success probability for guessing the measurement result ofÔ before actually measuring it. There are several different quantities for characterizing the wave aspect, we use the l 1 measure for quantum coherence [22] ,
This quantity represents the quanton's ability to produce interference pattern when the relative phases between different paths (described by the basisÔ) are changed. Similar to the inequality (2), there exists a duality relation between the predictability P (1g) and the coherence C (l 1 ) ,
However, the above inequality can only be saturated by some pure states and the equal sign can never hold for mixed states. Can one find a new complementary relation whose equal sign can even hold for mixed states? By introducing the normalized linear entropy, S L (ρ) = N(1 − tr{ρ 2 })/(N − 1) , we find a TCR,
which is valid for arbitrary N ×N density matrices and become an equality when N = 2. Since S L is always non-negative, the TCR (6) naturally enclose the duality relation (5). To prove the above TCR (6), we introduce the following two lemmas:
For an arbitrary N×N density matrix ρ, we always have
with p 1 = max k ρ kk being the largest diagonal element of ρ. The equal sign holds if and only if all diagonal elements of ρ, except the maximal one, have the same value.
Lemma 2. For an arbitrary N×N density matrix ρ, we always have
The equal sign holds if and only if all off-diagonal elements of ρ have the same modulus.
The proof of these two lemmas is just some technical jobs (see the Supplemental Material for details). Now we show how to prove the TCR (6) by using these two lemmas. Given a density matrix ρ, the left-hand side (LHS) of Eq. (6) reads as 
which is equivalent to the TCR (6). Since both Lemma 1 and Lemma 2 are used in the proof, the equal sign of our TCR (10) and (6) hold if and only if the equal sign in both Lemma 1 and Lemma 2 hold together. These conditions request that the density matrix ρ should be in the form of
Here, ι = √ −1 is the imaginary unit, {ϕ ik |i > k} are arbitrary phases, all off-diagonal elements have the same modulus |a|, and p 1 is the maximal diagonal element while p 2 = (1 − p 1 )/(N − 1) is the remaining diagonal elements. More generally, p 1 does not necessarily be ρ 11 , it can also be other diagonal element ρ 22 or ρ 33 etc. Since a density matrix should be positive-semidefinite, we have |a| ≤ √ p 1 p 2 for N = 2 and |a| ≤ p 2 for N > 2. For a two-state quanton (N = 2), the density matrix (11) actually includes all possible 2 × 2 density matrix and the corresponding TCR (6) becomes an equality. Remark 1. The linear entropy S L , a quantitative description of the degree of mixedness, can be viewed as a concept opposite to the purity P = tr{ρ 2 }. That is, larger purity means less linear entropy, and vice versa. We always have S L = 0 for a pure state and S L = 1 for a maximally mixed state ρ = diag{1/N, 1/N, . . . } . A mixed state can be understood as a classical summation of several pure quantum states and so that S L also measures how "classical" the quanton is.
Remark 2. The linear entropy S L (ρ) is a concave function of the density matrix ρ, that is,
This is a bit different from P (1g) and C (l 1 ) , which are convex. The proof for the above inequality is given in the Supplemental Material .
Remark 3. The inequality (6) describes a ternary complementarity relation among which-path predictability, quantum coherence and linear entropy. The which-path predictability P (1g) is the probability that we correctly guess the measured value of the considered observableÔ, which quantitatively measures "particle" aspect. The quantum coherence C (l 1 ) measures how good a system can be in a quantum superposition state and keep stable relative phases between different paths labeled by the eigenstates of the considered observableÔ. Although a little abstract, quantum coherence is a quantitative measure of "wave" aspect. Finally, the linear entropy S L is a measure of the degree of mixedness. The TCR (6) indicates that the total amount of wave-particle-mixedness aspects is bounded. For an example, if a quanton is a classical object (i.e. a fully mixed object), it neither looks like a particle nor a wave since P (1g) = C (l 1 ) = 0 regardless of the choice ofÔ. Remark 4. Based upon Dürr's definition for predictability and visibility [16] , one can easily obtain the following threeterm equality,
However, this three-term equality seems a bit trivial since one can obtain it by just using the basic property of tr ρ 2 . TCR for Multi-State Quanton with WWD.-In above, we give the complementary relation (6) by using a priori knowledge: the density matrix. Below we will discuss the case where the knowledge from measurement is used. As shown in Fig. 1 , we introduce a WWD which interacts with the quanton and then perform a POVM measurement on the WWD. Therefore, the final information of the quanton will depend on the POVM.
The WWD-quanton interaction is described bŷ
with the eigenstates {|k } for the observableÔ and the unitary operators {Û k } on the WWD. This interaction will entangle the quanton and the WWD. The input state ρ s ⊗ ρ d will evolve according to
After the WWD-quanton interaction, the quanton and the WWD are respectively described by the reduced density matrices ρ s1 = tr d ρ sd and ρ d1 = tr s ρ sd . We then implement a POVM measurement {Π i |i = 1, 2, . . . , M} on the WWD and sort the quanton's states into M subensembles according to the applied POVM measurement. For the i-th subensemble corresponding to Π i , the quanton's reduced density matrix reads as
Here P (Π i ) = tr{Π i ρ sd } is the probability of getting the ith result corresponding to Π i . Therefore, averaging over all subensembles, one can obtain the average which-path predictabilityP (1g) , the average quantum coherenceC (l 1 ) and the average linear entropyS L ,
It's easy to prove that these three average quantities satisfy the following TCR,
Proof.
To prove it, we should notice that the TCR (6) for the case of no WWD is valid for arbitrary density matrices. Thus for each reduced density matrix ρ s,i , we have unchanged, see the detailed explanations in the Supplementary Material.
with
Comparing the TCRs (6) and (15), one may notice that the way we average the linear entropy is different from the way we average the which-path predictability and the quantum coherence. This is because that the linear entropy has a more direct physical meaning compared to its square root. Thus, it's more reasonable to directly sum up the linear entropy than to sum up its square root. Actually, the TCR (15) is valid even if we average the linear entropy in the same way as we average the which-path predictability and the quantum coherence, that is,S L is defined as the square of the average √ S i . The proof is very similar to the one we give above (see details in the Supplemental Material). Now, let's discuss the effects of the POVM measurements on WWD. As S L (ρ) is a concave function of ρ, the average linear entropy is upper bounded by:S L ≤ S L (ρ s1 ). Actually, since ρ s1 = i P(Π i )ρ s,i , by using Eq. (12), we have
Similarly, due to P (1g) (ρ) and C (l 1 ) (ρ) are convex functions of ρ, the which-path predictability and the quantum coherence are respectively lower bounded by:
. Thus, at the cost of decreasing the linear entropy, the POVM measurement on WWD can increase the which-path predictability and the quantum coherence. That's to say, the POVM measurement on WWD can transform the linear entropy into the which-path predictability and the quantum coherence. By designing the POVM measurement, one can control how much the which-path predictability and the quantum coherence to be acquired and how much the linear entropy to be sacrificed. In Fig. 2 , we show how the POVM measurement on WWD affects the transformation among the quantum coherence, the which-path predictability and the linear entropy. In particular, under some specific POVM measurements on WWD, one of the three quantities keeps unchanged and the wave-particle-mixedness complementarity is simplified as the particle-mixedness duality in Fig. 2(b) or the wave-mixedness duality in Fig. 2(c) .
Connections to Other Complementarity Relations.-Firstly, our TCR (15) naturally enclose the duality relation (2) in Ref. [21] . From our TCR (15), using the relationsS L ≥ 0 andC (l 1 ) ≥ C (l 1 ) (ρ s1 ) , one can derive the following duality relation
This inequality is almost the same as the duality relation (2) in Ref. [21] . The only difference is that Ref. [21] made an assumption on the form of the POVM measurement on WWD: They identify a click in detector i with the detection of the quanton going through path i. This means that the number of possible outcomes of POVM is assumed be M = N and the most probable path in the i-th subensemble is the i-th path. Under this assumption, our TCR (16) agrees with the duality relation (2) in Ref. [21] . Differently, in Ref. [21] , the duality relation (2) is proven by introducing an loose upper bound of P (1g) in the sense of minimum-error state discrimination. Secondly, our wave-particle-mixedness complementarity relates to the wave-particle-entanglement complementarity for bi-partite systems [9, [23] [24] [25] [26] [27] . Comparing our TCR (6) with the the wave-particle-entanglement complementarity relation [24, 26] , our density matrix corresponds to the singlepartite reduced density matrix for the bi-partite systems. Therefore, the mixedness aspect described by linear entropy corresponds to the bi-partite entanglement described by concurrence. Considering two entangled qubits and choosing concurrence as the measure of bi-partite entanglement, the wave-particle-entanglement complementarity relation has been given as [24, 26] 
Here, P (1g) and C (l 1 ) are respectively the which-path predictability and the quantum coherence for the single-partite reduced density matrix, and C is the concurrence between the two entangled qubits. If the two-qubit system is in a pure state, we exactly have the linear entropy S L (ρ i ) = C 2 with ρ i denoting the reduced density matrix for one of the two qubits. This means that our wave-particle-mixedness complementarity relation (6) coincides with the wave-particle-entanglement complementarity relation (17) for two-qubit pure states. When the which-path predictability is fixed, our TCR gives a wavemixedness duality relation, which corresponds to the complementarity between entanglement and coherence [28] [29] [30] . However, when the bi-partite system is in a mixed state, these two complementarity relations become different: our TCR (6) is still an equality while the wave-particle-entanglement complementarity relation becomes an inequality. This indicates that, for a two-qubit system, we always have S L (ρ i ) ≥ C 2 . Conclusions.-In conclusion, for an arbitrary multi-state quanton, we have explored the wave-particle-mixedness complementarity by analyzing the quantum coherence, the whichpath predictability and the linear entropy. Beyond the conventional wave-particle dulaity, our results indicate that wave, particle and mixedness aspects are three complementary properties. By introducing the WWD-quanton interaction, one can control the values of these three quantities by modifying the POVM on WWD. Through designing proper POVM measurements on WWD, one can transform the linear entropy into the which-path predictability or the quantum coherence. Moreover, our wave-particle-mixedness complementarity relations naturally enclose the generalized wave-particle duality relation for multi-state systems [21] and are closely related to the wave-particle-entanglement complementarity relation for bipartite systems [9, [23] [24] [25] [26] [27] .
This work was supported by the National Natural Sci- In this appendix, we will prove the two lemmas mentioned in Section II of the main text. Lemma 1. For an arbitrary N×N density matrix ρ, we always have
Proof. For simplicity, let's assume ρ 11 to be the largest diagonal element, i.e. ρ 11 = p 1 . Then we have N k=2 ρ kk = 1 − p 1 . Using Cauchy-Schwarz inequality:
The equal sign holds if and only if
Proof. For simplicity, let's denote the set {|ρ ik |, i k} as an
The LHS of the above inequality is the summation of all the matrix elements of the following L × L matrix:
The summation can be divided into L parts:
3) By Cauchy-Schwarz inequality, we can see that each row in Eq. (S.3) has an upper bound of | A| 2 . For example, the third line:
The equal sign holds if and only if all the summation in Eq. (S.3) reach their upper bound, i.e.
That is: all the off-diagonal elements of ρ have the same modulus.
Appendix B: Concave property of linear entropy
In this appendix, we will prove that S L (ρ) is a concave function of ρ:
Proof. Note that tr{ρ 2 } = i,k |ρ ik | 2 and a + b = 1, Eq. (S. 4) can expand to the following form:
Our task then becomes to prove Eq. (S.5). The difference between the LHS and RHS of Eq. (S.5) is shown as Eq. (S.6).
LHS -RHS
Here, 
The TCR Eq. (S.7) gives a bound for which-path predictability, quantum coherence and linear entropy, but is it tight? For the case of N = 2, this bound is tight because Eq. (S.7) becomes an equality and all states saturate it. Things get a bit complicated when N > 2. For an ideal upper bound, we may expect that all points on the triangle
represent actually reachable combination of P (1g) , C (l 1 ) and S L . We visualize this trialgle in Fig. S2 . Each blue point in Fig. S2 represents one density matrix that has the form of Eq. (11) in main text. We randomly generate many density matrices of this form and found that there is an area where no density matrix can reach. The boundary of this area is highlighted by red line in Fig. S2 . Its analytic form is
This is not hard to verify. By calculating the P (1g) , C (l 1 ) and S L of Eq. (11), we found that
Then by applying the positive-semidefinite condition |a| ≤ p 2 , we have:
So for all density matrices that satisfy Eq. (11),
The above result shows that the upper bound in Eq. (S.7) is tight only when S L is larger than 0.5. When S L < 0.5, some parts of the bound are actually not reachable.
Appendix D: Explanation of constantC (l 1 ) andP (1g) in Fig. 2 Consider a quanton with 3 DOFs, and the WWD has the property 
and U k defined in Eq. (13) . The POVMs are chosen as: (a) Π 1 = diag{1, 0, 0}, Π 2 = diag{0, cos 2 θ, sin 2 θ} and 
If the positions of maximal diagonal element in all subensembles are the same, or more accuately, if
Then we havē
which is independent of the choice of POVM measurement {Π i }. This means if the measurement does not perform strong detection on path information, i.e. does not change the most probable path, we may expectP (1g) to be unchanged. The last equal sign above is because the diagonal elements of tr d {Π i ρ sd } are always positive, so (tr d {ρ sd }) k 0 k 0 is the maximal diagonal element of ρ s1 .
ForC
have the same phase angle, then we havē
which is also independent of the choice of POVM measurement. Note that (tr d {Π i ρ sd }) jk = P(Π i ) ρ s,i jk are the off-diagonal elements of the subensembles' reduced density matrix. So a physical understanding of the above criterion is that if the measurement on WWD do not change the phase of the quanton's density matrix, thenC (l 1 ) will keep constant. Using Eq. (S.8), we get This can be used to construct {Π i } About how to plot Fig. ( 2) The problem is to find a continuum of POVM that makes Eq. (S.9) or Eq. (S.10) valid. Suppose we find two set of POVM {Π i } and {Λ i } which make Eq. (S.9) valid and the k 0 for them is the same, then it's easy to check that a linear combination of Π i and Λ i also makes Eq. (S.9) valid. So we can just choose the POVM Π i cos 2 θ + Λ i sin 2 θ and vary θ. Similarly, if we find two set of POVM {Π i } and {Λ i } which make Eq. (S.10) valid and the phase angle of (tr d {Π i ρ sd }) jk and (tr d {Λ i ρ sd }) jk are the same, then again Π i cos 2 θ + Λ i sin 2 θ is what we need. More examples are shown in Fig. (S1) .
Appendix E: Another TCR from a different averaging method for linear entropy
In the main text, we mentioned that it's possible to get a similar TCR if we defineS L as the square of the average
The new TCR is
Proof. The proof is very similar to the one in main text. Denote P i ≡ P (1g) (ρ s,i ), C i ≡ C (l 1 ) (ρ s,i ) and E i ≡ S L (ρ s,i ). Since Eq. (6) is valid for arbitrary density matrix, for each subensemble we have
And from the fact that (P i − P k ) 2 ≥ 0, (C i − C k ) 2 ≥ 0 and (E i − E k ) 2 ≥ 0, we have
At last, we also want to mention that E (ρ) ≡ S L (ρ) is a concave function of ρ: E (aρ 1 + bρ 2 ) ≥ aE (ρ 1 ) + bE (ρ 2 ) a + b = 1, a ∈ [0, 1] (S.12)
So the discussion about the effects of the POVM measurement on WWD in the main text also applied to this new TCR Eq. (S.11).
